Abstract. The weighted Fermat-Torricelli problem for four non-collinear and non-coplanar points in R 3 states that:
Introduction
Let A 1 , A 2 , A 3 , A 4 be four non-collinear and non-coplanar points and a positive real number (weight) B i correspond to each point A i , for i = 1, 2, 3, 4.
The weighted Fermat-Torricelli problem for four non-collinear points and noncoplanar points in R 3 states that:
Problem 1. Find a unique (fifth) point A 0 ∈ R 3 , which minimizes
where · denotes the Euclidean distance and X ∈ R 3 .
The existence and uniqueness of the weighted Fermat-Torricelli point and a complete characterization of the solution of the weighted Fermat-Torricelli problem for tetrahedra has been established in [4 In this paper, we present an analytical solution for the weighted Fermat-Torricelli problem for regular tetrahedra in R 3 for B 1 > B 4 , B 1 = B 2 and B 3 = B 4 , by expressing the objective function as a function of the linear segment which is formed by the middle point of the common perpendicular A 1 A 2 and A 3 A 4 , and the corresponding weighted Fermat-Torricelli point A 0 (Section 2, Theorem 2). It is worth mentioning that this analytical solution of the weighted Fermat-Torricelli problem for a regular tetrahedron is a generalization of the analytical solution of the weighted Fermat-Torricelli point of a quadrangle (tetragon) in R 2 (see in [10] ). By expressing the angles ∠A i A 0 A j for i, j = 1, 2, 3, 4 for i = j as a function of B 1 , B 4 and a and taking into account the invariance property of the weighted FermatTorricelli point (geometric plasticity) in R 3 , we obtain an analytical solution for some tetrahedra having the same weights with the regular tetrahedron (Section 3, Theorem 3).
2. The weighted Fermat-Torricelli problem for regular tetrahedra:
The case B 1 = B 2 and B 3 = B 4 .
We shall consider the weighted Fermat-Torricelli problem for a regular tetrahe-
We denote by a ij the length of the linear segment 
We set a ij ≡ a, the edges of A 1 A 2 A 3 A 4 ( Fig. 1) . We express a 01 , a 02 , a 03 and a 04 as a function of y : 9) where the length of A 12 A 34 is a √ 2 2 . By replacing (2.6) and (2.9) in (2.5) we get:
By differentiating (2.10) with respect to y, and by squaring both parts of the derived equation, we get:
2 + y (2.12) By solving the fourth order equation (2.12) with respect to y , we derive two complex solutions and two real solutions (see in [6] for the general solution of a fourth order equation with respect to y) which depend on B 1 , B 4 and a. One of the two real solutions with respect to y is (2.4). The real solution (2.4) gives the location of the weighted Fermat-Torricelli point A 0 at the interior of A 1 A 2 A 3 A 4 (see fig. 1 ).
We ( Fig. 2 ) . From (2.16), we derive that the complementary A ′ 0 is located outside the regular tetrahedron A 1 A 2 A 3 A 4 (Fig. 2) . angles α i0j , for i, j = 0, 1, 2, 3, 4 , are given by:
Example 1. Given a regular tetrahedron
17)
18)
and 
Proof of Proposition 3: Taking into account the cosine law in △A
1 A 0 A 2 , △A 3 A 0 A 4 , △A 1 A 0 A 4 , △A 2 A 0 A 4 , △A 1 A 0 A 3 , △A 2 A 0 A 4 ,α i0j = arccos − 1 3 ,(2.
20)
for i, j = 1, 2, 3, 4 and i = j.
Proof. By setting y = 0 in (2.17), (2.18) and (2.19), we obtain (2.20).
3. The weighted Fermat-Torricelli problem for tetrahedra in the three dimensional Euclidean Space: The case B 1 = B 2 and B 3 = B 4 .
We consider the following lemma which gives the invariance property (geometric plasticity) of the weighted Fermat-Torricelli point for a given tetrahedron A (3.2) 
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